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Abstract 

In this paper we analyze certain aspects of virtual black holes. We see 
how quantum bubble is the representative of creation and annihilation of a 
pair of virtual black holes that satisfy the Wheeler-DeWitt equation. We 
calculate the loss of quantum coherence due to these virtual black holes 
and also see how these virtual black holes give space-time an intrinsic 
entropy. 



1 Introducation:- 

It is expected that space-time will have quantum fluctuations in it[l]. These 
fluctuations are expected to dominate as we measure the space-time at smaller 
and smaller lengths. Finally being one at Planck length [2]. Thus space-time 
get a foam like structure near Planck length. This is called space-time foam[3]. 
There have been two models proposed to study space-time foam till now. The 
flrst model proposed to study the space-time foam was called the wormhole 
picture[4]. In it we took space-time to be multiple connected. So we took the 
space-time manifold to have a large value of flrst Betti number Bi. We took 
^2 = in this case [5]. However it was realized that this picture let to the 
wrong value of Q.C.D. 6'-parameter [6]. Macroscopic wormholes also led to the 
wrong value of the black hole entropy [5] . So this picture was discarded and an 
alternative picture of space-time foam was proposed by S.W. Hawking, which 
was called the quantum bubble picture [5]. In it we take Bi = ^ and we 
also take a very large value of second Betti number B2. Thus the space-time 
manifold is simple connected in this case. Quantum bubble picture predicted 
the correct value of Q.C.D. 6'-parameter. In this picture there is also an elegant 
way to describe black hole evaporation. Macroscopic real black holes evaporate 
down to Planck size by radiating Hawking radiation. At this stage they are left 
with no energy or charge. Then they disappear in a sea of virtual black holes. 
Thus this picture seems to be a more realistic picture of space-time foam. 
In this paper we will analyze some aspects of quantum bubble picture. We will 
start this paper by reviving the basic bubbles that are used in the construction 
of space-time foam. 
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2 Basic Quantum Bubbles 



There are five basic bubbles tliat can be taken to be tlie building blocks of 
space-time foam i.e., x^{x = 4,t = 0),CP^{x = 3,t = l),CP'^{x = 3,t = 
— 1), K3{x = 24, T = 16),K3{x = 24, r = —16). However the need of space-time 
to have a spin structure rules out CP^ and CP^ and the contributions of K3 
and K3 are suppressed by Atiyah-Singcr theorem as they contain Fermions zero 
mode[6]. So we are left with S*^ x S*^ as the basic building block of space-time 
foam. X S"^ has the symmetry group of SO (3) x SO (3) however 5^ x 5^ - {p} 
has the symmetry group of U{1) x U{1). Here p is a point on the bubble. If we 
take a spatial section of S'^ x S^ — {p} we get S"^ x S^ — {p}. The topology of 
S^x — {p} looks like the mouth of two wormholes. We also know that spatial 
section of a black hole looks like a wormhole. So the; topology 5^ x 5^ — {p} 
seems to look like the topology of a pair of black holes. Further we know that 
in Ernst solution a pair of black holes can be created by electric or magnetic 
fields [7]. This is similar to the pair creation in ordinary particle physics. Now 
as the quantum bubbles are basically quantum fluctuations in the metric, so 
we can interpit the bubble with topology S^ x S'^ — {p} as a virtual black hole 
loop. Here we deform the loop on which the black hole moves into an oval with 
bottom representing the creation and top representing the annihilation of a pair 
of black holes. 

3 Virtual Black Holes 

We need electric or magnetic charges to produce a pair of black holes from Ernst 
solution. However the quantum bubbles form even in absence of any field. The 
reason for that is that virtual black holes are not classical geometries and hence 
need not satisfy Einsteins equations. They are rather solutions of the Wheeler- 
DeWitt equation. The solution of Wheeler-DeWitt equation is a wave function 
on space of geometries . Wheeler-DeWitt equation is given by [8]. 

ij{hij,<Po)=0 (1) 

Here rUp is the Planck mass, T™ is the energy momentum tensor and Gijki is 
given by 

Gijki = -Vh{hikhji + hiihjk — hijhki) (2) 
They also need to satisfy the following momentum constraint equation 

^{hij,<j)o) = Q (3) 

Now we can expand ip{hij,(t)o) in terms of creation and annihilation operators. 

iP{hij,<l>o) = J^iPuai + Pl4) (4) 
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And 

^{hijAo)=Y,{(i2iai + py^) (5) 

i 

Here a\ is the creation operator for a black hole and (Su and (32% are the complete 
set of bases for the conformally invariant wave equation. Now we can form a 
closed loop from these creation and annihilation operators. If |0) is the vacuum 
state of geometries from which we can generate the black hole geometry, and a 
is the amplitude for the formation of a quantum bubble, than we can write 

a = {0\a^hij,cPo)a{K.,cP',) at(/i^, 0'Ja(/ii,-, </)o)|0) (6) 

However it is difficult to solve the Wheeler-DeWitt equation as it is faced 

with the problem of factor ordering. Factor ordering deals with the problem 
that arises due to the fact that it does not matter how we order momentum in 
classical equations but it does matter when they become operators. However 
we can get some insight about the virtual black holes from the fact that they 
satisfy Wheeler-DeWitt equation. The fact that they satisfy Wheeler-DeWitt 
equation and need not not satisfy Einstein equations means that they need not 
have any electric or magnetic charges that would be required by Ernst solution 
for pair creation of black holes. Even though they are not Classical geometries 
we can expect that they will have the basic feature of real black holes like an 
event horizon and hence the no-hair theorem will hold for them also. A particle 
that will fall into a the virtual black hole will lose all information except that 
which is allowed by the no-hair theorem [9]. So this particle will be radiated 
as a combination of some other particles before the annihilation of the pair of 
virtual black holes. This will cause loss of information to take place universally 
in space-time as an intrinsic property of space-time. 



4 Loss of Quantum Coherence 

It is well known that in case of real black holes the falling of certain states 
in the black hole leads to non-unitary evolution and hence loss of quantum 
coherence. A similar effect happens for the virtual black holes. There is an 
elegant formalism called the Superscattering formalism given by S.W. Hawking 
to describe it [5]. In it we start from taking a complete set of creation operators 
for states of a quantum field theory at past and future infinity. Let these set 
of creation operators at past and future infinity be Pi and Fi respectively. We 
define a Superscattering operator as one that maps a density matrix at past 
infinity to one at future infinity. So if /?_ and /?+ are density matrix at past and 
future infinity respectively and $ is the Superscattering operator, than we can 
write 



P+ = $P- (7) 
If the initial state is |V'i)(V'2| and the final state is |'^3)(V'4|, then we have 

$ = (P^F^iFlP,) (8) 

If the set of creation operators are a complete set at both past and future infinity 
then we have 

{P^FsFlP^} = {P^Fs}{fIp^) (9) 
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Here (P2 -fs) is the S-matrix and (-F4-P1) is its adjoint. So we can write 

$ = SS^ (10) 

Thus we can write 

$p = SpS^f (11) 
Then using the conservation of probabiUty we get 

Tr{$p) = 1 if Tr{p) = 1 (12) 

Then we have 

1 = Tr{$p) = TriSS'fp) = Tr{p) (13) 
This will hold if we have 

SS^ = 1 (14) 

This means that the S'-matrix is unitary. Now to see how the density matrix 
evolves we have to take the trace of the future density matrix, which is given by 

Tr{pl)=Tr{{$p.){$p.)) (15) 

As the Supperscattering matrix factorises we can write 

rr(($p_)($p_)) = Tr{Sp-S^Sp-S^) (16) 

This can be written as 

Tr{Sp-S^Sp-S'i) = TriSp'iS'i) = Tr{p'i) (17) 

This is the trace of the past density matrix and thus the evolution here is uni- 
tary 

Thus for the case where the Superscattering matrix factorizes we have unitary 
evolution and hence no loss of quantum coherence. However if the creation 
operators do not form a complete set at past or future infinity then the Super- 
scattering matrix will not factorize and hence the evolution will be non-unitary 
and so the quantum coherence will be lost. In case of real black holes Fi do not 
form a complete set of bases and in case of a virtual black hole both Fi and Pi 
do not form complete set of bases. So like real black holes, virtual black holes 
also lead to loss of quantum coherence. As every where in space-time wc have a 
certain probability for the existence of virtual black holes so we can never build 
a truly unitary theory and quantum coherence will be lost universally. 

Now we take the state inside and outside the event horizon at past infinity 
as I /Pi) and \OPj) and the state inside and outside the event horizon at future 
infinity as |/Ffe) and \OFi) respectively. Than the state at past infinity |P) and 
future infinity |P) can be written as follows 

\P) = X'^\IPi)x\OPj) (18) 

And 

\F} = X'''\IFk}x\OFi} (19) 

Now the extent to which quantum coherence is lost at past and future infinity 
will be got by taking the trace over \IPi) and |/Pfe) respectively. 
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So if Tp and tf denote the measure of loss of quantum coherence at past 
and future infinity than we have 

Tp = l-Tr{pl) = l- X'^ X''%b\j (20) 

And 

TF = l- Tr{p\) = 1 - X'^'X-'^XudXci (21) 
Now if we define the total information lost as r, than it will be given by 

T = Tp+TF (22) 

If no quantum coherence is lost than r = and the Superscattering matrix will 
factorize. For any other value of r the Superscattering matrix will not factorize. 

To proceed further wc need to first review certain topological invariants 
in quantum gravity [10]. Apart from the simple two well known topological 
invariants in quantum gravity i.e., the signature and Eulers number of the space- 
time manifold there is another topological invariant in quantum gravity which 
is called the topological invariant volume. The total action S for space-time 
manifold is given by 

Here Lp is the Planck length and Vol{M,g) is the volume of the manifold and 
A is the cosmological constant. 
If we redefine the metric as follows :- 

_3 

W\ 

Then the action becomes 



9^^. = T^9^. With A = ±3 (24) 



Here tJ(M, g) is the topological invariant volume. We can also write the partition 
function in terms of v as foUows:- 



Z = ^ p{v)exp 



(26) 



Here p{v) is the measure of density of topology. 

Now we can see how much quantum coherence is lost for a given topological 
invariant volume. 

If the total flux of wave function that enters v is Fi and the total flux that leaves 
V is F2, then the total information lost in v is r]{v) and it is given by 

V{v) = ^^i^ (27) 
J- 1 

Now as the amplitude for formation of a virtual black hole is a, we can write 

rjiv) = TO^v (28) 

Now we can write F2 in terms of Fi as follows 

Fa = Fi(l- ra^I;) (29) 

It is obvious that if no quantum coherence is lost than Fi = F2 as r = in this 
case. 



5 



5 Entropy of Space-time 



The fact that virtual black hole picture make the space-time to have an intrinsic 

entropy can be seen in various ways. 

The fact that it lead to a mixed state will imply that the space-time has an 
entropy given by 

S = va^ [Tr{p-InpZ^) + Tr{p+Inp^^)] (30) 
This will be zero for a pure state when no quantum coherence is lost. 

Another way of looking at the intrinsic entropy of space-time is by observing 

that the fact that space-time gets a coarse structure at Planck length due to 
the presence of virtual black holes. As here different microstates will lead to the 
same macrostate i.e., the smooth space-time manifold at length much larger than 
Planck length, so space-time will have an intrinsic entropy. Here the intrinsic 
entropy of space-time will be given by 

S = k InW (31) 

Here W is the number of microstates generate by the virtual black holes and 
k is the Boltzmanns constant. 



But probable the best way to look at the intrinsic entropy of space-time 
generate by virtual black holes is by black hole thermodynamics. It is well 
known that real black holes have entropy proportional to one fourth of the 
surface area of the event horizon [9]. If real black holes have entropy than so 
will the virtual black holes. This will directly imply that space-time has an 
intrinsic entropy. 

If A is the area of a single virtual black hole than we can write the intrinsic 
entropy of space-time per invariant topological volume as 

Here A'^ is the number of virtual black holes per invariant topological volume 
V. N will be equal to twice the product of probability for the formation of a 
virtual black hole loop and the invariant topological volume. 

N = 2a\ (33) 

We know that the action here is proportional to the volume of the space-time 
manifold. So for large volumes the action also becomes large. Thus the contri- 
butions from virtual black holes with radius larger than the Planck length will 
get suppressed in the partition function. 

It can also be shown that the quantum fluctuations in the metric are given 
by [!]• 

Ag = -1 + -/l+ll (34) 

Here Ag are the fluctuations in the metric and L is the length at which we 
measure the geometry. Thus at Planck length the quantum fluctuations in 
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geometry become of order one. So it is not possible to define geometries less 
than Planck length. However if we assume the radius of virtual black holes to 
be less than the Planck length that is what we will be implying. So the virtual 
black holes can not have radius less than the Planck length. 
Thus the radius of the virtual black holes should be taken equal to Planck length. 
So we can write the area of the quantum bubble with topology 5^ x 5^ — {p} 
as follows :- 

A = leiT^L^ (35) 

Thus we can write the intrinsic entropy of space-time per topological invariant 
volume as follows:- ^ ^ 

S = Sn^Lla^v = ^^^77(1;) (36) 

T 

This is the intrinsic entropy of space-time calculated from black hole thermo- 
dynamics. 

Thus it can be shown in more than one way that virtual black holes will lead 
space-time to have an intrinsic entropy. 

6 Conclusion 

Quantum bubble picture seems to be the more correct picture of space-time foam 
as compaired to the wormhole picture. The bubble of topology x — {p} 
is the building block of space-time and is representative of virtual black hole 
loop. Virtual black holes are solutions to Wheeler-DeWitt equation and hence 
need not have any electric or magnetic charges as would be required if they 
satisfied Einstein equations. Virtual black holes lead to the loss of quantum 
coherence, which we have calculated in this paper. Virtual black holes also lead 
the space-time to have an intrinsic entropy. 
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